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Let G be a graph of size (n9+1) for some integer n>2.  Then G is said to have ascending a l l  

star subgraph decomposition if G can be decomposed into n subgraphs G1, G2,... , Gn such that 
each G i is a star of size i with 1 <: i < n. We shall prove in this paper that a star forest with size 
(n2+l), possesses an ascending star subgraph decomposition if the size of each component is at 
least n, which is stronger than the conjecture proposed by Y. Alavi, A. J. Boats, G. Chartrand, 
P. ErdSs and O. R. Oellermann. 

1. I n t r o d u c t i o n  

For definitions and nota t ions  not presented here, we follow [2]. We only 
consider simple undirected graphs, i.e., undirected graphs with no multiple edges 
and loops. The  size of a graph  is the number  of edges of this graph. 

Let G be a graph of size q, and let n be the positive integer with (n2+1) < q < 

(n2+2). Then  G is said to have an ascending subgraph decomposi t ion (ASD), if G 
can be decomposed into n subgraphs G1, G2 , . . . ,  Gn without  isolated vertices such 
tha t  G i is isomorphic to a proper  subgraph of Gi+ 1 for 1 < i < n -  1. Fur thermore  
if each Gi is a star (matching,  path,  . . . ,  etc.,), then G is said to have an ascending 
star (matching,  path,  . . . ,  etc., respectively) subgraph decomposi t ion or simply a 
star  (matching,  path,  . . . ,  etc. respectively) ASD. 

Y. Alavi, A. J. Boals, G. Char t rand ,  P. Erdhs and O. R. Oellermann proposed 
two conjectures [1]: Every  graph of  positive size has an ASD; a star  forest of size 

(n+l)  with each component  having size between n and 2 n - 2  inclusively has a star 
ASD. In the same paper  they have reduced the verification of the first conjecture 
to the following equivalent version: Every  graph  of size (n2+1) for n = 1 ,2 , . . .  has 
an ASD. R. J. Faudree, A. Gygrfs and R. H. Schelp showed [5] tha t  a s tar  forest 

of size (n2+1) has an ASD, and tha t  the complete graph K n + l  with n +  1 vertices 
could be easily proved to have a star ASD and a pa th  ASD. They  fur ther  proved 
tha t  any graph  obtained from K n + l  by deleting any n edges has a star ASD. Some 
part ial  results are obtained for the second conjecture about  the star A S D o f  a star 
forest of size (n+l)  in [3,4,7,9]. 

AMS subject classification code (1991): 05 C 70, 11 A 99, 90 C 35, 68 R 10 
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There are also some results about the matching ASD of a graph. Some of them 
put restrictions on the maximum degree of a graph. Two results were proved in [1]: 
a graph of size (n+l),n_> 4, with maximum degree at most 2, has a matching ASD; 

a forest of size (n+l),  with maximum degree d (2 _< 2 d -  2 _< n), has a matching 

ASD. One was proved in [5]: a graph of size (n+]), with maximum degree d (n >_ 
4 d 2 + 6 d + 3 ) ,  has a matching ASD. The other two can be found in [7]: Let G be a 
graph of size (n+l).  If G can be partitioned into n edge disjoint subgraphs Gi, i =  
1 ,2 , . . . ,n ,  such that the size of G i is i and for each k c  {2 ,3 , . . . ,n} ,  there is at most 
one edge of Gk which is incident with some vertex of the edge induced subgraph 
induced by the union of G 1 , G 2 , . . . , G k - 1 ,  then G has a matching ASD. If G is a 
disconnected graph of n components, which have sizes 1 , 2 , . . . , n - 1  and n, then G 
has a matching ASD. H. Fu obtained a result on the ASD of a graph with restrictions 
on the maximum degree too: a graph of size (n+l) with maximum degree at most 
( n -  1)/2 has an ASD [.5], and a result on the ASD of complete bipartite graphs 
of size (n+l)[6] which was also discovered independently and proved in different 
method by H. Zhou although not published. 

In the discussion of ASD of a graph, we require that a smaller factor subgraph 
must be isomorphic to a proper subgraph of a greater factor subgraph. A closely 
related packing problem was obtained by loosening this requirement as considered in 
[8], where the author conjectured that  the complete graph Kn+l  can be decomposed 
into n edge disjoint trees of sizes t, 2 , . . . ,n .  

We now concentrate on one of the conjectures proposed in [1] and prove a 
stronger result: a star forest with size (n+l~ possesses a star ASD if the size of k 2 1'  
each component is at least n. 

2. M a i n  resul t s  

In order to prove the problem mentioned at the end of the last Section, we 
present and prove an equivalent number-theoretic problem following the presenta- 
tions mentioned in [1]. We first introduce some new terminology and notation. Let 

a, bl, b2,.. . ,  bt be natural numbers where bl, b2,. . . ,  bt are all different. If a = y~. bi, 
i = 1  

then a is said to be decomposed to bl ,b2, . . .  ,bt, and the set {bl,b21.. .  ,bt} is called a 
decomposition of a, denoted by a--  [bl, b2,.. . ,  bt]. For natural numbers al ,  a2 , . . . ,  ak 

. . .  b i (not necessarily distinct), if each ai = Ibm, b~ , s~](i = 1, 2 , . . . ,  k) is a decomposition, 
k 

for and U 
i = 1  

then we simply say that  a l ,a2 , . . .  ,ak is decomposed by 1,2,. . .  ,n. Please note that 
the set here refers to multiset, i.e., the elements of sets are not necessarily different 
and unions are understood with multiplicity, i.e., {a} U {a} = {a, a}. 

Our main result is the following theorem: 
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k 
T h e o r e m  2.1. A s s u m e  that  ai >_ n (i -- 1 , 2 , . . . , k )  and E ai = (n+ l ) .  Then 

i=1 
al ,  a2 , . . . ,  ak can be decomposed  by 1, 2 , . . . , n .  

In order  to  prove T h e o r e m  2.1, we m a y  fur ther  assume t h a t  ai > n (i = 
1 , 2 , . . . ,  k). Otherwise ,  say a k = n, we only need to  prove t ha t  a l , a 2 , . . . , a k - 1  can 

k 

be decomposed  by  1 , 2 , . . . ,  n - 1. I f  ai > n (i---- 1 ,2 , . . . ,  k). t hen  ~ = ~ ai > kn,  
i = 1  

hence n > 2k. Therefore ,  we only need to  prove the  following equivalent  theorem:  

k 
n + l  Theorem 2.2. Assume that  > n (i = 1 ,2 , . . . ,  k) and E = ( 2 ) where n = 2 k + r  

i = 1  

(r >>O). Then  a l , a 2 , . . . , a  k can be decomposed  by 1 , 2 , . . . , n .  

We prove T h e o r e m  2.2 by prov id ing  an a lgo r i t hm in Sect ion 3 and  prove its 
correctness  in Sect ion 5. 

3. T h e  a l g o r i t h m  

We visualize our  a lgo r i t hm by working on a 2 x ( M  - K )  a r r ay  V = (Vpi : 
p = 1 ,2; i  = 1 , 2 , . . . , M -  K ) ,  called the  decompos i t ion  model ,  where  M = 
m a x { a l , a 2 , . . . , a k } ,  r = n - 2 k ,  K = k + r ,  N = 2K ,  vi i  = N + I - ( M - i + I )  
and v2i = M - i + 1 for 1 < i < M - K .  See F igure  1 for a genera l  i l lus t ra t ion ,  and  
see F igure  2 for an i l lus t ra t ion  of a p rac t i ca l  example .  

V= 
N+I+M N+2+M ... 0 1 2 ... K-1 K 

M M-1  ... N + I  N N-1 ... K+2 K+I  

Fig. i 

In F igure  1, each en t ry  of V is also called a vertex.  We will abuse  the  
t e rmino logy  by  cal l ing an en t ry  of V, somet imes  an integer,  somet imes  a ver tex  
according  to  the  context .  

In the  decompos i t ion  mode l  V = (vpi : p = 1, 2; i = 1, 2 , . . . ,  M - K ) ,  vi i  + v2i = 
N + I  for i = 1 , 2 , . . . , M - K ;  v l i + v 2 j  < N + I  for i , j  = 1 , 2 , . . . , M - K ,  and i < 
j ; v l i q - v 2 j  > N + I  for i , j = I , 2 , . . . , M - K ,  and i > j .  For  an integer  a = N + l ,  we 
can draw an und i r ec t ed  edge e = e ( 0 ) =  e ( a - N - 1 ) ,  called a perpendicular edge, 
between the  ver tex  vi i  and  v2i. For  an integer  a < N +  1, we can d raw a d i rec ted  
edge e =  e ( a - N - 1 ) ,  called an up oblique edge , from the  ver tex  v2j to the  ver tex  
vi i  with  j - i = N  + l - a .  We call  Vl( i+l) ,Vl( i+2) , . . .  ,Vl(j_l) and  Vlj the  up shadow 
vertices of the  edge e. For  an integer  a >  N + I ,  we can d raw a d i rec ted  edge e =  
e ( a - N - 1 ) ,  cal led a down oblique edge, from the  ver tex  vii  to  the  ver tex  v2j with  
i - j  = a - N - 1 .  We call  V 2 ( j + I )  , V 2 ( j + 2 ) , . . .  , V 2 ( i _ 1 )  and v2i the  down shadow vertices 
of the  edge e. In  all the  above  th ree  cases, the  edge e ( a - N - 1 ) =  VliV2j represents  
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a decomposition of a since a = Vli q- v2j, Vli ~ V2j. The number a - N -  1 is called a 
positive, zero or negative term depending on a -  N -  i being greater than, equal to 
or less than zero. Once an edge e is drawn between vii and v2j, both vii and v2j 
are said to be saturated; otherwise they are unsaturated.  

The idea of the algorithm is to decompose one integer into two distinct integers 
by drawing an edge (perpendicular, down oblique or up oblique, respectively) in 
the decomposition model V. If one of the two integers (i.e., the two end vertices of 
the edge) is still too big (i.e., greater than n), then we decompose this integer into 
two distinct integers by drawing an edge in the decomposition model again. If we 
can design the algorithm such that  no integer from 1 to n will be used twice (i.e., 
no two edges will share a common vertex) and that  the decomposition procedure 
cannot be infinite, then we will eventually decompose a l ,  a2 , . . . ,  ak by 1, 2 , . . . ,  n. 

Our algorithm has two procedures, trial decomposition and final decomposi- 
tion, and a main program. In line 3 of the trial decomposition, a term a -  N - 1 
was calculated for every integer a. Sto is the set of zero terms, St+ is the set of 
positive terms, and St-  is the set of negative terms, where t is the control variable 
of repetitions. From line 4 to line 33, the integers are decomposed according to the 
following order: All integers with zero terms are decomposed right at the beginning 
in line 4 by drawing perpendicular edges h'om the right end to the left in the de- 
composition model V. Lines 5-19 are passed by since there are no shadow vertices 
now. An integer with the smallest positive term is decomposed first in 20-24, which 
generates down shadow vertices. Therefore, we go to lines 11-15 to decompose the 
integer with the largest negative term, which generates up shadow vertices. Then 
we go to lines 5-10 until we use up either the unsaturated up shadow vertices, or 
the integers with positive terms. Then followed in line 11,....  Always keep in mind 
that  what we should do (lines 6-10) under the condition of having an unsaturated 
up shadow vertex in the first row and St+ r (? (line 5) have the first priority; what 
we should do (lines 12-19) under the condition of having an unsaturated down 
shadow vertex in the second row and S t -  r ~ (line 11) have the second priority; 
then follows the condition St+ r ~ (line 20) alone; and lastly the condition St-  r 

(line 28) alone; i.e., line 21-26 have the third priority, and lines 29-33 have the 
lowest priority. Whenever the conditions for higher priority action occur we should 
do what follows. The graph obtained after running the trial decomposition on the 
set of integers is called a trial graph. In Section 5 we shall prove that  the set of 
ending vertices of the down oblique edges failing in the set C =  { n +  1, n + 2 , . . . ,  M} 
will eventually be unchanged. Procedure 1 will be repeatedly run starting from t = 
0 until B t = B t - 1  where t is the control variable (for definition of Bt, see line 34 of 
the algorithm). Therefore, we can run the final decomposition procedure to obtain 
the decomposition for each integer in the set A. 

Algorithm 

Input: 

Given an integer n and a set A =  {a l , a2 , . . .  ,ak} of integers with ai > n (i = 
i=1 

1,2 , . . . ,k )  and ~ ai=(n+l) .  
k 
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Initialization: 

Let r = n -  2 k , K  = k + r and N = 2K. Construct a decomposition model V = 
(vij)2x(M-K) where Vli = N + I -  ( M - i + I )  and v2i = M - i + 1  for 1 < i < M - K .  
Let C={n+l,n+2,. . . ,M}, B - I = O ,  and Ao=AUB_I. 

P r o c e d u r e  1: T r i a l  Decomposition 

1. i n p u t :  the decomposition model V with all the vertices of V unsaturated and 
set At; 

2. o u t p u t "  the trial graph Gt and a set Bt. 
3. Calculate St={sls----a-N-l,aEAt}, 

St+= {sES~Is>O},St_= {scStIs<O}, and Sto= {sEStls=O}; 
4. Draw IStol perpendicular edges from right to left in V, the end vertices of these 

edges become saturated; 
5. wh i l e  there is an unsaturated up shadow vertex in the first row and St+ r 0 

do  
6. B e g i n  
7. s=min{slsESt+}; 
8. Draw a down oblique edge from the first unsaturated up shadow vertex 

from right in the first row such that  there are s down shadow vertices, the end 
vertices of the down oblique, edge become saturated; 

9. st+=st+\{s}; 
10. e n d  
11. i f  there is a n  unsaturated down  shadow vertex in the second row and St- 7 s ~) 

: t h e n  
12. b e g i n  
13. s=max{sisESt-}; 
14. Draw an up oblique edge from the first unsaturated down shadow vertex 

from right in the second row such that  there are Isl up shadow vertices, the 
end vertices of the up oblique edge become saturated; 

15. xt- =st_\{s}; 
16. if  there is an unsaturated up shadow vertex in the first row t h e n  
17. go t o  5; 
18. e lse  go t o  11; 
19. e n d  
20. else if  St+ ~ ~ t h e n  
21. b e g i n  
22. s=min{s[sESt+}; 
23. Draw a down oblique edge from the first unsaturated vertex from right in 

the first row such that  there are s down shadow vertices; the end vertices of 
the down oblique edge become saturated 

24. St+ =St+\{s}; 
25. go t o  i i ;  
26. e n d  
27. e lse  
28. wh i l e  S t - r  ~) do  
29. b e g i n  
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30. s=ma:c{s IseS t_} ;  

31. Draw an up oblique edge from the first unsaturated vertex from right in the 
second row such that there are Isl up shadow vertices; the end vertex of the 
up oblique edge become saturated 

32. st_ =st_\{s}; 
33. e n d  

34. Bt = the intersection of C and the set of ending vertices of the down oblique 
edges in the trial graph Gt. 

P r o c e d u r e  2: F ina l  D e c o m p o s i t i o n  

1. for a E A  do  

2. b e g i n  
3. if the edge of the term a -  N -  1 has two endvertices a 1 and a 2 with a 1 < 

a 2 t h e n  
4. a=[al,a2]; 

5. whi le  a 2i > n do  

6. b e g i n  
7. if the edge of the term a 2i - N - 1 has two endvertices a 2i+1 and a 2i+2 

with a 2i+1 ~ a 2~+2 t h e n  
8. a 2i ---- [a 2i+1 , a2i+2]; 

9. i = i + 1 ;  

10. end  

11. end  

Main 

1. t = 0 ;  

2. call  trial decomposition (A0,B0); 

3. whi le  Bt ~ Bt -1  do 

4. b e g i n  

5, At+l = A U B t ;  
6. call  trial decomposition (At+l, Bt+l);  

7. t = t + l ;  

8. end  
9. call  final decomposition 
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V= 
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 

31 30 29 28 27 26 25 24 23 2.2 21 20 19 18 17 16 15 14 13 

Fig. g 

4. E x a m p l e  

In order to better  understand our algorithm and the proof in Section 5, we 
provide an example as follows: To find the decomposition of 

A = {31, 30, 29, 29, 26, 22, 22, 21} 

by 1,2, . . . ,20.  We know that  n = 20, k = 8, r = 4, K = 12, N = 24, 
M = 31, and the decomposition model is Figure 2. The set of terms is SO = 
{ - 4 , - 3 , - 3 , 1 , 4 , 4 , 5 , 6 } .  S00=0 ,  So+ ={1,4 ,4 ,5 ,6} ,  S o - = { - 4 , - 3 , - 3 }  and C =  
{21,22, 23, 24, 25, 26, 27, 28, 29, 30, 31}. 

(0) In running the trial decomposition for A on the decomposition model V, we 
pass by lines 4-19 at the beginning since S00 = ~, and there is neither unsaturated 
up shadow vertex in the first row nor unsaturated down shadow vertex in the second 
row. Draw a down oblique edge from vertex 12 to 14 by lines 20-24; go to line 11 
by line 25; draw an up oblique edge from vertex 13 to 9 by going over lines 12-15; 
go to line 5 after checking line 16; repeatedly draw down oblique edges from vertex 
11 to 18, and from vertex 10 to 19 by going over line 5-10 twice; then follow lines 
11-15 to draw an up oblique edge from vertex 15 to 7, there is one unsaturated up 
shadow vertex 8 now; go to line 5; draw a down oblique edge from 8 to 22 by lines 
6-10, there are unsaturated down shadow vertices 16, 17,20, and 21 now; follow 
lines 11-15 to draw an up oblique edge from vertex 16 to 5, there is an unsaturated 
up shadow vertex 6; go to lines 5-10 to draw a down oblique edge from 6 to 25. 
Now So is empty, and the trial decomposition is stopped. See Figure 3 from the 
trial graph Go. The number by the side of the edge is the order by which that  
edge is drawn. B0 = {25,22},31 = 25 + 6,30 = 22 + 8. The integers 25 and 22 are 
still too big (> 20). Therefore, in the next run of trial decomposition, we need to 
decompose the set A1 = A U/30. 

Go= 

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 

31 30 29 28 27 26 25 24 23 22 21 20 19 18 17 16 15 14 13 

Fig. 3 

(1) Do the trial decomposition of A1 --AUBo on the decomposition model V to 
obtain the trial graph G1 as in Figure 4. Now the set of terms is S1 = S 0 U { - 3 , 0 } .  
/31 = {27,23}. 
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GI= 

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 

31 30 29 28 27 26 25 24 23 22 21 20 19 18 17 16 15 14 13 

F~g. 4 

GB= 

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12 

31 30 29 28 27 26 25 24 23 22 21 20 19 18 17 16 15 14 13 

Fig. 5 

Continuing to do the trial decomposition, we have B2 = {27,24,21}, B3 = 
{ 2 7 , 2 5 , 2 1 } ,  B 4 = { 2 7 , 2 5 , 2 2 } ,  B 5 -= { 2 8 , 2 5 , 2 2 } ,  B 6 = { 2 8 , 2 6 , 2 2 } ,  B 7 = 

{28,26,22,21}, Bs={28,26,22,21}.  The last trial graph is Figure 5. 
Therefore, 21 = [1,20], 22 = [5,17], 22 = [6,16], 26 = [12,14], 29 = [8,21], 29 = 

[7, 22], 30 = [4, 26], 31 = [3, 28]; and 21 = [2,19], 22 = [9,13], 26 = [11,151, 28 = [10,18]. 
And we have the final solution after running the final decomposition as follows: 
2 1 =  [1,20], 2 2 =  [5,17], 22 = [6,16], 2 6 =  [12,14], 29 = [8,2,19], 2 9 =  [7,9,13], 30 = 
[4,11,15], 31=[3,10,18]. 

5. T h e  p r o o f  

Recall that  a number in St+(S~- and St0 respectively) is called a positive 
(negative and zero, respectively) term of the trial graph Gt. In the trial graph 
Gt, there is a down oblique (up oblique and perpendicular, respectively) edge 
et(s) corresponding to each positive (negative and zero, respectively) term. Some 
properties are provided for the trial graph Gt in the following in order to prove 
the correctness of our algorithm. There are both  directed and undirected edges in 
G~. But the direction of edges are ignored for the underlying graph of Gt. The 
following Lemma 5.1 is an obvious observation. 

Lemma 5.1. The edge set of the underlying graph of the trim graph is an edge 
independent set. | 

The algorithm of the trial decomposition works on a set of numbers A U B, or 
equivalently on a set S = {s:s = a -  N - 1  for a E A U B}, to obtain a trial graph 
G. Once the set AUB or S is fixed, the trial graph G is completely determined. In 
the proof of following lemmas we should always bear the following facts in mind. 
We always draw the edges with zero terms first. Among edges with positive terms, 
those with smaller terms were drawn first. Among edges with negative terms, those 
with greater terms (i.e., it 's absolute value is smaller) were drawn first. 
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Lemma 5.2. Let the two trial graphs Gi and Gh have the same positive terms. Let 
G h have one negative or zero term more than Gi. Then for any positive terms s, 
the down oblique edge eh(s ) of G h is either at the same location as or to the left of 
the corresponding down oblique edge el(s) of Gi. (Note: We use the notation el(s) 
to mean that this edge is in the trial graph Gi. When we compare the location of 
two edges in two different trial graphs, we compare them in the same decomposition 
model.) 

Proof. Assume that  Gi have negative and zero terms as follows 

8m <_ Sin--1 <~ . . .  <_ 8j < . . .  ~ 81 < O. 

Assume that  Gh has one term e more than Gi(e_< 0). Without  loss of generality, 
let sjq_ 1 < C < 8j. Then the negative and zero terms in Gh in the order from the 
smallest to the greatest are 

Urn+ 1 ~ U m ~ . . .  < Uj4_ 2 ~ Uj+ 1 ~ Uj ~ . . .  < U 1. 

where Ul = s l , . . .  ,uj = s j , ~ j +  1 = c, u j +  2 = 8 j + 1 , . . . u  m = s i n _ l ,  urn+ 1 = 8 m .  Since 
Gi and Gh have the same positive terms, same negative and zero terms which are 
greater than or equal to sj = uj, then the start ing vertex of the up oblique edge 
of 8j+ 1 in Gi must be the same as the start ing vertex of the up oblique edge of 
uj+l = c in Gh by the algorithm. Hence the ending vertex (denoted by ev(uj+l))  
of the up oblique edge of c=u j+ l  is at the right side of the ending vertex ev(sj+l) 
of the up oblique edge of sj+l since sd+l < c< O. Therefore, the down oblique edge 
start ing at ev(uj+l) and at the left side of ev(ujq_l) in Gi Will either move to the 
left by one vertex or unmoved in Gh | 

Lemma 5.3. Let Gf  have one negative term c more than Gi, and G h one negative 
or zero term e + 1 more than G i. Then for any positive term s, the corresponding 
down oblique edge eh(s) of Gh is either at the same location as or to the left of the 
corresponding down oblique edge ef(s)  of Gf .  

Proof. Assume that  Gi have negative and zero terms as follows 

s~  <_ s ~ - i  <_ . . .  <_ sj+l <_ sj <_ . . .  <_ Sl <_ O. 

Assume that  

sj+ l <_e < cq-1 <_sj. 

Since Gf and Gh have the same positive terms, and the same negative and zero 
terms which are greater than or equal to s j ,  the start ing vertex of the up oblique 
edge of c in Gf  must be the same as the start ing vertex of the up oblique edge of 
e +  1 (or perpendicular edge if e +  1 = 0) in G h. Hence the ending vertex ev(c+ 1) 
of the up oblique edge of c +  1 in G h is at the right side of the ending vertex ev(c) 
of the up oblique edge of c in Gf.  Therefore, the down oblique edge start ing at 
ev(c+ 1) in Gf will move left by one vertex in Gh. Other down oblique edge in Gf 
remain unchanged in G h. | 

Lemma 5.4. Let G h have one positive term c more than G i. Then for any positive 
term s except c, the corresponding down oblique edge eh(s ) of G h is either at the 
same location as or to the left of the corresponding down oblique edge ei(s ) of G i. | 

We omit the proof since it is similar to and simpler than the above proofs. 
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Lemma 5.5. Let Gf  have one positive or zero term d more than Gi, and Gh one 
positive term d + l  more than Gi. Then the ending vertex of the p-th down oblique 
edge of G h is either at the same location as or to the left of the ending vertex of 
the p-th down oblique edge of G f .  

Note. The down oblique edges can be ordered from either side in this lemma. But 
in the following definition of set functio n f generated by the trial decomposition we 
use the order from the left: The first down oblique edge is the one with the largest 
term. 
Proof. Assume that  Gi have positive and zero terms as follows 

s in>s in -1  >>_ .. . >_'sj+l > s j  >_ .. . >_ sl >_0 

and assume that  

Sj+l > d+  1 > d > sj. 

The presentation in the following disregard the case d =  0. It  is reasonable to omit 
it since there is only very minor differences in wording for the case d =  0. Since Gf 
and Gh have the same negative and zero terms, and the same positive terms which 
are smaller than or equal to sj, ef (s) and eh(s) must have the same location for s = 
81,82,. . . ,  8j-1 and sj and the starting vertex of the down oblique edge of d + 1 in 
G h must be the same as the starting vertex of the down oblique edge of d in Gf. 
Hence the ending vertex e v ( d + l )  of the down oblique edge of d + l  in G h moves 
left by one vertex to the ending vertex ev(d) of the down oblique edge of a in Gf. 
See Figure 6 for the illustration. 

u'..1 u" ... 

v" ... v+l v ... 

Gh= 

u'-I u" ... 

e h <  ~ ~ e ( d + l (  

v'+l ... v+l v ... 

Fig. 6 

Assume that  the negative term c determine an up oblique edge eh(c) starting 
at ev(d) in Gh; and determine an up oblique edge ef(c) starting at ev(d+l)  in Gf. 
Then ed(c ) is one vertex left to eh(e). Assume that  the positive term s v determined 
a down oblique edge ef(sq) starting at the ending vertex of %@) in Gf. Then the 
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down oblique edge eh(Sq) determined by Sq in Gh must start  at the ending vertex 
of ef(c) which is one vertex left to the ending vertex of eh(c). 

The down oblique edge eh(Sp) for Sq > Sp > d +  1 has the same position as the 
down oblique edge ef(sp). The down oblique edge eh(sp) for Sp >_ Sq is either at the 
same location as or to the left of the down oblique edge e f (Sp ) .  I 

We will use the following definition to both  simplify and formalize the state- 
ments of Lemma 5.2 through 5.5, and their generalizations. We define an ordering 
among sets of integers by A>-B or B-~A if A =  {al ,a2, . . . ,al} ,  B={bl ,b2 , . . . ,bk} ,  
a l >_ a2 >_... >_ al, bl >_ b2 >_... >_ bin, 1 >_ m, a l >_ bl , a2 >_ b2, . . . ,  am >_ brn. Here and in 
the following, when we write a set A =  {a l , a2 , . . .  ,al}, we always assume that  the 
list is in the nonincreasing order, i.e., al >_ a2 >_... >_ al. Let Tn denote the "cut at 
n" map, i.e., T n ( A ) = { a E A : a > n } .  The following lemma is obvious. 

Lemma 5.6. (i) A U C >- A; 
(ii) I f  A ~- B and C is any get of integers, then A U C ~- B U C; 
(iii) I r A , - B ,  then Tn(A) ~- Tn(B). I 

In the algorithm, for any set of integers A = { a l , a 2 , . . . , a u }  where u >_ k, and 
n < ai <_ M, let G(A) to be the graph obtained by applying the trial decomposition, 
f (A )  to be the set of end vertices of down oblique edges in G(A). From Lemma 5.2 
and 5.4 we can have " f ( A U { s } ) ~ - f ( A ) " ,  and Lemma 5.3 and 5.5 can be directly 
translated as " f (AU {s + 1 } ) ~ - f ( A  U {s})". For any two sets A and B with A ~- 
B, we can insert a finite chain of sets between B and A such that  in each step we 
either add a new element or increase the value of one element by one. By repeatedly 
applying the above two results we have the following theorem. 

Theorem 5.7. I f  A ~- B, then f (A )  ~- f (B ) ,  and Tn( f (A))  ~- Tn( f (B)) .  

In order to prove Theorem 2.2 we only need to prove the following theorem. 

Theorem 5.8. Under the conditions of Theorem 2.2, the algorithm gives a decom- 
position oral ,a2 , . . . ,ak  by 1,2 , . . . ,n .  

Proof. Recall that  in each trial decomposition of the algorithm, among edges with 
positive terms, those with smaller values were drawn first, hence the numbers of 
down shadow vertices of consecutive down oblique edges added to the model are 
not decreasing, so are the numbers of up shadow vertices of consecutive up oblique 
edges. Therefore, different down oblique edges are neither intersecting each other 
nor sharing common end vertices, the same property holds for the up oblique edges. 
It  is now obvious that  each integer appears in the decomposition at most once. 

Denote, by Go, the trial graph obtained by applying the trial decomposition to 
A0 = A U B _ I  = {al,  a2 , . . . ,  ak }. Denote, by B0, the set of ending vertices of down 
oblique edge of Go in C - - { n , n + l , . . .  ,M},  i.e., B O = T n ( f ( A U B - 1 ) ) = T n ( f ( A o ) ) .  
If B0 = 0, then apply the final decomposition. 

If B0 r ~, then apply the trial decomposition to A1 = A U B0 to obtain the 
trial graph G1, and the set B 1 ----Tn(f(Au BO) ) = Tn(f(A1)  ). By Lemma 5.6 and 
Theorem 5.7, B] ~- B0. 
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If B1 = B0, then apply the final decomposition; otherwise apply the trial 
decomposition to A2 = A U B1 to obtain the trial graph G2, and the set B2 = 
Tn(f(AUB1))=Tn(f(A2)) .  By Lemma 5.6 and Theorem 5.7, B2 ~-B1. 

Similarly we obtain a series of sets 

Bo -< B1 -< B2 -~ ... -< Bi -< Bi+ l -~ ... 
We shall now prove by contradiction that  ]Bil <r for i = 0 , 1 , 2 , . . . .  

Assume that  B t -1  = {bl,b2,... ,bu}, u < r, Bt = Tn(f(At)) = {Cl, C2, . . . ,  Cu, 
Cu+l, ..., Cv}, and that  v>r,  where At=AUBt -1 .  

Let B~ = {el, c2,..., cu, Cu+l..., Cr}. We apply the trial decomposition to AUB~ 
to obtain the trial graph G, and the set 

Tn(f(A U B~)) = { d l , d 2 , . . . , d u , . . . , d r , d r + l , . . . , d v l }  

Then vl > v and di >_ ci for 1 < i < r. The reasons of vl > v are from Lemma 5.6, 
Theorem 5.7 and the fact that  {cl , . . .  ,Cu,... ,cr} >-{b],... ,bu}. 

During the construction of the trial graph G, a vertex of { K + I , . . .  ,n , . . .  ,M} 
is saturated after decomposing a number in AU{cl, c2,..., cr}. Since the number of 
down oblique edges whose ending vertices belong to C in G is Vl > v > r, the number 
of up and down oblique edges who start  and end in { K + I , K + 2 , . . . , n }  in G is < 
k + r - v l  < k, i.e., there are at least n - K - ( k + r - v l ) = v l - r  > 0 (because n = K + s  
unsaturated down oblique shadow vertices in { K +  1, K +  2, . . . ,  n}. Therefore, there 
are no up oblique edge which starts in C by our algorithm. It  turns out that  the 
number of up and down oblique edges who start  and end in { K + I , K + 2 , . . .  ,n} in 
G is exactly k + r - v l ,  i.e., there are exactly n - K - ( k + r - v l ) =  V l -  r unsaturated 
down oblique shadow vertices in { K + I ,  K + 2 , . . . , n } .  Therefore, the starting vertex 
of the most left up oblique edge e, say e = e ( a m - N - 1 ) ,  is smaller than n. Since the 
corresponding number am is greater than n, then the ending vertex of e is greater 
than 1. Hence all the ending vertices of up oblique edges belong to {1, 2 , . . . ,  K}.  All 
the start ing vertices of down oblique edges belong to {1,2, . . . ,  K} since the number 
of all edges is k + r = K .  Therefore, every number in {1,2, . . .  ,K}  is saturated. 

We now define a set-valued function h from the set AUC to the set {1, 2 , . . . ,  M}. 
(Recall that  members in A tJ C are not necessarily distinct in value). If a 
number a E A U { e l , c 2 , . . . , C u , . . . , C r }  , then a is decomposed into two numbers 
a 1 and a 2 ~ {1 ,2 , . . . ,M} ,  a = a l + a  2, and we set h(a) = {al ,a2}.  If a E 
{ n + l , . . . ,  M } \  ({Cl, . . . ,  Cr }U{dl, . . . ,  dr1 }), then set h(a) = a. Let h(di) = ci for 1 < i < 
r and diE{dl, . . . ,dr}\({cl, . . . ,Cr}C~{dl, . . . ,dr}).  Then di>_h(di) for l < i < r  and 
di e {dl , . . .  ,dr}\({cl , . . .  ,cr}N{dl, . . .  ,dr}). For any number aC {dr+ l , . . .  ,dr1 }, we 
set h(a) to be an unsaturated vertex in { K + I , . . .  ,n}. There is a one to one corre- 
spondence between {d r+ l , . . . ,  dr1 } and all the unsaturated vertices in { K + I , . . . ,  n} 
since there are exactly V l - r  unsaturated vertices in {K~-1 , . . . ,  n}. Therefore, d i > 
n>_h(di) for r + l <_i<_vl. 

Obviously if a runs over A U C  once, then h(a) runs over {1 ,2 , . . . ,M}  once. 
a = a l +  a 2 if h(a)= {a 1, a2}. a > h(a) for other cases among which there are v l -  r 
strict inequalities. Therefore, 

k M 

E ai+ E j > I + 2 + . . . + M  
i=1 j = n + l  
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k 
con t rad ic t ing  to  the  fact  t h a t  ~ ai = 1 + 2 + . . . + n .  Therefore ,  IBil cannot  be  g rea te r  

i=1 
t h a n  r for i = 0 , 1 , 2 , . . . .  

Since IALJBil <_ k + r = K ,  T h e  s t a r t i ng  ver tex  of the  edge which represents  the  
decompos i t ion  of a number  in AUBi  is not  smal ler  t h a n  1, hence the  ending  ver tex  
of t h a t  edge is not  g rea te r  t h a n  a k - 1  < M .  Since Bi(i  = 0,1, 2 , . . . )  is nondecreas ing,  
there  exists  a number  t such t h a t  Bt  = B t + l .  T h a t  is, the  t r i a l  decompos i t ion  of 
the  a lgo r i thm will eventua l ly  t e r m i n a t e  in f inite steps.  

For  any number  a c A , a  = a 1 + a  2 if the  two end vert ices of the  edge e = 
e ( a -  N -  1) is a 1 and a 2 in the  t r i a l  g raph  Gt .  If  b o t h  a 1 and  a 2 are not  g rea te r  

t h a n  n, t hen  we are done. If  one of a 1 and a 2, is g rea te r  t h a n  n, t hen  a 2 EBt+I -- 
2 2 3 4 3 Bt.  a was decomposed  again  in the  t r i a l  g raph  Gt, say a = a  + a  . If  b o t h  a and  

a 4 are not  g rea te r  t h a n  n, then  we are done: a = a  I + a 3 §  4. If one of a 3 and a 4, 
4 4 is g rea te r  t h a n  n, then  a E B t + l  = Bt .  a was decomposed  again  in the  t r ia l  g r aph  

Gt ,  say a 4 = a 5 + a  6. If b o t h  a 5 and  a 6 are  not  g rea te r  t h a n  n, then  we are  done: 
a = a l +  a 3 +  a 5 +  a 6. Otherwise  we cont inue our decompos i t ion  unt i l  each number  
is not  g rea te r  t h a n  n. We can app ly  the  above  decompos i t ion  to  each m e m b e r  of 
A, and  wr i te  each integer  ai as sums of posi t ive  integers _< n. We use any posi t ive  
integer  _< n at  most  once since no two edges share  the  common  vert ices in the  t r ia l  
graph.  As a l  + a2 + . . .  + a k - - 1  + 2 + . . .  + n we have to  use all integers from 1 to  n 
exac t ly  once. Therefore ,  A is decomposed  by 1 , 2 , . . . , n .  | 

Note  t h a t  every integer  ai is decomposed  by  at  most  r + 2  = n - 2 k + 2  s u m m a n d s  
since IBtl <_r, and  in the  worst  case ai is decomposed  by  at  most  r t imes.  
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