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Let G be a graph of size (";1) for some integer n>2. Then G is said to have an ascending

star subgraph decomposition if G can be decomposed into n subgraphs G1,Ga,...,Gr such that
each G; is a star of size ¢ with 1 <i<n. We shall prove in this paper that a star forest with size

(n+1) possesses an ascending star subgraph decomposition if the size of each component is at

least n, which is stronger than the conjecture proposed by Y. Alavi, A. J. Boals, G. Chartrand,
P. Erdés and O. R. Oellermann.

1. Introduction

For definitions and notations not presented here, we follow [2]. We only
consider simple undirected graphs, i.e., undirected graphs with no multiple edges
and loops. The size of a graph is the number of edges of this graph.

Let G be a graph of size ¢, and let n be the positive integer with (”;1) <g<

(”;2) Then G is said to have an ascending subgraph decomposition (ASD), if G
can be decomposed into n subgraphs G1,Go,...,G, without isolated vertices such
that G; is isomorphic to a proper subgraph of G;11 for 1 <i<n—1. Furthermore
if each G; is a star (matching, path, ..., etc.,), then G is said to have an ascending
star (matching, path, ..., etc., respectlvely) subgraph decomposition or snnply a
star (matching, path, ..., etc. respectlvely) ASD.

Y. Alavi, A. J. Boals G. Chartrand, P. Erd6s and O. R. Oellermann proposed
two conjectures [1]: Every graph of positive size has an ASD; a star forest of size

(™+1) with each component having size between 7 and 2n—2 inclusively has a star
ASD. In the same paper they have reduced the verification of the first conjecture
to the following equivalent version: Every graph of size ("'2'"1) for n=1,2,... has

an ASD. R. J. Faudree, A. Gyarfds and R. H. Schelp showed [5] that a star forest

of size (”'QH) has an ASD, and that the complete graph K, 11 with n+1 vertices

could be easily proved to have a star ASD and a path ASD. They further proved
that any graph obtained from K, 11 by deleting any n edges has a star ASD. Some
partial results are obtained for the second conjecture about the star ASD of a star
forest of size (”+1) in [3,4,7,9].
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There are also some results about the matching ASD of a graph. Some of them
put restrictions on the maximum degree of a graph. Two results were proved in [1]:

a graph of size (”;1) ,n>4, with maximum degree at most 2, has a matching ASD;

"#1), with maximum degree d (2 <2d—2 < n), has a matching

n+1)
2

a forest of size (

ASD. One was proved in [5]: a graph of size ( , with maximum degree d (n >
4d% +6d+3), has a matching ASD. The other two can be found in [7]: Let G be a
graph of size (n-ZH) If G can be partitioned into n edge disjoint subgraphs G;, i=
1,2,...,n, such that the size of G; is 7 and for each k€{2,3,...,n}, there is at most
one edge of G which is incident with some vertex of the edge induced subgraph
induced by the union of G1,Gq,...,G_1, then G has a matching ASD. If G is a
disconnected graph of n components, which have sizes 1,2,...,n—1 and n, then G
has a matching ASD. H. Fu obtained a result on the ASD of a graph with restrictions
on the maximum degree too: a graph of size (”'51) with maximum degree at most
(n—1)/2 has an ASD [5], and a result on the ASD of complete bipartite graphs

of size (n—2|—1) [6] which was also discovered independently and proved in different
method by H. Zhou although not published.

In the discussion of ASD of a graph, we require that a smaller factor subgraph
must be isomorphic to a proper subgraph of a greater factor subgraph. A closely
related packing problem was obtained by loosening this requirement as considered in
[8], where the author conjectured that the complete graph K, can be decomposed
into n edge disjoint trees of sizes 1,2,...,n.

We now concentrate on one of the conjectures proposed in [1] and prove a
stronger result: a star forest with size (”'2'”1), possesses a star ASD if the size of

each component is at least n.

2. Main results

In order to prove the problem mentioned at the end of the last Section, we
present and prove an equivalent number-theoretic problem following the presenta-
tions mentioned in [1]. We first introduce some new terminology and notation. Let

¢
a,b1,b9,...,b; be natural numbers where b1,ba,...,b; are all different. If a= 3" by,

. =1
then a is said to be decomposed to by,ba,...,bs, and the set {b1,ba,... bs} is called a
decomposition of a, denoted by a=[by,bs,...,bt]. For natural numbers aq,az,...,ak
(not necessarily distinct), if each a; =[b],b5...,05.](¢=1,2,...,k) is a decomposition,

{0%,0%,...,b%, } N{b],bh,..., b3, } =0} for i#j, and _L_Jl{bjl,b%,...,béj}:{1,2,...,n},

then we simply say that ay,a9,...,af is decomposed_by 1,2,...,n. Please note that
the set here refers to multiset, i.e., the elements of sets are not necessarily different
and unions are understood with multiplicity, i.e., {a}U{a}={a,a}.

Our main result is the following theorem:
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k
Theorem 2.1. Assume that a; > n (i = 1,2,...,k) and _Zlai = ("'2"1). Then
g =
a1,a9,-..,a5 can be decomposed by 1,2,...,n.

In order to prove Theorem 2.1, we may further assume that a; > n (i =
1,2,...,k). Otherwise, say a; =n, we only need to prove that aj,ag,...,a5_1 can

k
be decomposed by 1,2,...,n—1. If a; >n (i=1,2,...,k), then n—(n;—l): Zlai>kn,
1=
hence n>2k. Therefore, we only need to prove the following equivalent theorem:

k
Theorem 2.2. Assume that a; >n (i=1,2,...,k) and Y a;= (”J{l) where n=2k+r
i=1
(r>0). Then ay,as,...,0; can be decomposed by 1,2,...,n.

We prove Theorem 2.2 by providing an algorithm in Section 3 and prove its
correctness in Section 5.

3. The algorithm

We visualize our algorithm by working on a 2 x (M — K) array V = (vp; :
p = 1,2;¢ = 1,2,...,M — K), called the decomposition model, where M =
max{a1,a2,...,ap}, r=n—2k, K =k+r, N=2K, v;; =N+1—-(M—i+1)
and vo; =M —i+1 for 1<i< M — K. See Figure 1 for a general illustration, and
see Figure 2 for an illustration of a practical example.

N+1+M N+2+M 0 1 2 . K- K

M M-1 N+1 N N-1 .. K+2 K+1
Fig. 1

In Figure 1, each entry of V is also called a vertex. We will abuse the
terminology by calling an entry of V, sometimes an integer, sometimes a vertex
according to the context.

In the decomposition model V = (vp; :p=1,2;i=1,2,..., M — K), vi; +v2; =
N+1fori=1,2,....M - K; v;+vg; <N+ 1fori,j=12,...,M—-K, and i <
Jiviit+ve; >N+1fori,j=1,2,...,M~K, and i>j. For an integer a=N +1, we
can draw an undirected edge e =¢e(0) =e(a— N —1), called a perpendicular edge,
between the vertex vy; and wvg,. For an integer a < N+ 1, we can draw a directed
edge e=e(a— N —1), called an up oblique edge, from the vertex vg; to the vertex
vy; with j—i=N+1—a. We call vy(;11),v1(i42),---,V1(j—1) and vy the up shadow
vertices of the edge e. For an integer a > N +1, we can draw a directed edge e =
e(a—N —1), called a down oblique edge, from the vertex vy; to the vertex vy; with
i—j=a—N-1. We call vg(; 1), V2(j42),-- - Vg(;i—1) and vz; the down shadow vertices
of the edge e. In all the above three cases, the edge e(a— N —1)=wvy;v2; represents
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a decomposition of a since a=wvy; +-v2;,v1;#v2;. The number a — N —1 is called a
positive, zero or negative term depending on a— N —1 being greater than, equal to
or less than zero. Once an edge e is drawn between vy1; and vgj, both vy; and vy
are said to be saturated; otherwise they are unsaturated.

The idea of the algorithm is to decompose one integer into two distinct integers
by drawing an edge (perpendicular, down oblique or up oblique, respectively) in
the decomposition model V. If one of the two integers (i.e., the two end vertices of
the edge) is still too big (i.e., greater than n), then we decompose this integer into
two distinct integers by drawing an edge in the decomposition model again. If we
can design the algorithm such that no integer from 1 to n will be used twice (i.e.,
no two edges will share a common vertex) and that the decomposition procedure
cannot be infinite, then we will eventually decompose a1,03,...,a; by 1,2,...,n.

Our algorithm has two procedures, trial decomposition and final decomposi-
tion, and a main program. In line 3 of the trial decomposition, a term ¢ — N —1
was calculated for every integer a. Sip is the set of zero terms, Sy is the set of
positive terms, and S;— is the set of negative terms, where t is the control variable
of repetitions. From line 4 to line 33, the integers are decomposed according to the
following order: All integers with zero terms are decomposed right at the beginning
in line 4 by drawing perpendicular edges from the right end to the left in the de-
composition model V. Lines 5-19 are passed by since there are no shadow vertices
now. An integer with the smallest positive term is decomposed first in 20-24, which
generates down shadow vertices. Therefore, we go to lines 11-15 to decompose the
integer with the largest negative term, which generates up shadow vertices. Then
we go to lines 5-10 until we use up either the unsaturated up shadow vertices, or
the integers with positive terms. Then followed in line 11,.... Always keep in mind
that what we should do (lines 6-10) under the condition of having an unsaturated
up shadow vertex in the first row and Si4 #@ (line 5) have the first priority; what
we should do (lines 12-19) under the condition of having an unsaturated down
shadow vertex in the second row and S;— # @ (line 11) have the second priority;
then follows the condition Si+ # @ (line 20) alone; and lastly the condition Si— #
@ (line 28) alone; i.e., line 21-26 have the third priority, and lines 29-33 have the
lowest priority. Whenever the conditions for higher priority action occur we should
do what follows. The graph obtained after running the trial decomposition on the
set of integers is called a trial graph. In Section 5 we shall prove that the set of
ending vertices of the down oblique edges falling in the set C={n+1,n+2,...,M}
will eventually be unchanged. Procedure 1 will be repeatedly run starting from ¢ =
0 until By=B;_1 where ¢ is the control variable (for definition of B, see line 34 of
the algorithm). Therefore, we can run the final decomposition procedure to obtain
the decomposition for each integer in the set A.

Algorithm
Input:

Given an integer n and a set A= {a1,a9,...,a5} of integers with a; >n (i=

=1 1
1,2,...,k) and Zai:("; ).
k
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Initialization:

Let r=n—2k,K=k+7 and N =2K. Construct a decomposition model V =

(vij)ax(M—K) Where v1;=N+1—(M—i+1) and vg;=M —i+1for 1<i<M-K.
Let C={n+1,n+2,.... M}, B_1=0, and Ag=AUB_;.

Procedure 1: Trial Decomposition

1.

b

%~ >

10.
11.

12.
13. -
14.

15.
16.
17.
18.
19.
20.
21.
22.
23.

24.
25.
26.
27.
28.
29.

input: the decomposition model V' with all the vertices of V unsaturated and
set Ay
output: the trial graph G and a set By.
. Calculate Si={s|s=a—N—1,a€ A},
St+ ={s€8t|s>0},5:— ={s€5¢|s<0}, and Syp={s€5:|s=0};
Draw |Sy| perpendicular edges from right to left in V', the end vertices of these
edges become saturated;
. while there is an unsaturated up shadow vertex in the first row and Si4 #0
do
Begin
s=min{s|s€ S+ };

Draw a down oblique edge from the first unsaturated up shadow vertex
from right in the first row such that there are s down shadow vertices, the end
vertices of the down oblique edge become saturated;

St =5t \{s};
end
if there is'an unsaturated down shadow vertex in the second row and S;_ #£0)
.then
begin
s=max{s|s€ St };

Draw an up oblique edge from the first unsaturated down shadow vertex
from right in the second row such that there are |s| up shadow vertices, the
end vertices of the up oblique edge become saturated;

Sp— =8 \{s};
if there is an unsaturated up shadow vertex in the first row then
go to 5;
else go to 11;
end
else if Syt #0 then

begin

s=min{s|s€ Sty };

Draw a down oblique edge from the first unsaturated vertex from right in
the first row such that there are s down shadow vertices; the end vertices of
the down oblique edge become saturated

St+ =51+ \{s};

go to 11;

end
else
while S;_ #0 do

begin
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30.  s=max{s|seS_}
31.  Draw an up oblique edge from the first unsaturated vertex from right in the

second row such that there are |s| up shadow vertices; the end vertex of the
up oblique edge become saturated

32. -—St \{S}
33. end

34. B¢ = the intersection of C and the set of ending vertices of the down oblique
edges in the trial graph G.

Procedure 2: Final Decomposition

1. for a€ A do

2. begin

3. if the edge of the term a — N —1 has two endvertices o' and a? with o' <
a? then

4. a=[al,a?];

5. while a% >n do

6. begin

7. if the edge of the term a% — N —1 has two endvertices a>**! and 212
with g2t1 < o212 then

8. a2 = [g2i+1 g%+,

9. i=1+1;

10. end
11. end

Main

1. t=0;

2. call trial decomposition (Ag, Bg);

3. while Bt#Bt—l do

4. begin

5. At+1 =AU By;

6. call trial decomposition (A¢+1, Biy1);

7. t=t+1,

8. end

9. call final decomposition
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6 5 4 3 2 10 1 2 3 4 5 6 7 8 9 10 11 12

V=
31 30 29 28 27 26 25 24 23 22 21 20 19 18 17 16 15 14 13
Fig. 2
4. Example

In order to better understand our algorithm and the proof in Section 5, we
provide an example as follows: To find the decomposition of

A = {31,30,29,29, 26,22, 22,21}

by 1,2,...,20. We know that n = 20, k = 8, r =4, K = 12, N = 24,
M = 31, and the decomposition model is Figure 2. The set of terms is Sy =
{~4,-3,-3,1,4,4,5,6}. Spo =0, So+ ={1,4,4,5,6}, So— ={—4,-3,-3} and C =
{21,22,23,24,25,26,27,28,29,30,31}.

(0) In running the trial decomposition for A on the decomposition model V, we
pass by lines 4-19 at the beginning since Spo =0, and there is neither unsaturated
up shadow vertex in the first row nor unsaturated down shadow vertex in the second
row. Draw a down oblique edge from vertex 12 to 14 by lines 20-24; go to line 11
by line 25; draw an up oblique edge from vertex 13 to 9 by going over lines 12-15;
go to line 5 after checking line 16; repeatedly draw down oblique edges from vertex
11 to 18, and from vertex 10 to 19 by going over line 5-10 twice; then follow lines
11-15 to draw an up oblique edge from vertex 15 to 7, there is one unsaturated up
shadow vertex 8 now; go to line 3; draw a down oblique edge from 8 to 22 by lines
6-10, there are unsaturated down shadow vertices 16, 17,20, and 21 now; follow
lines 11-15 to draw an up oblique edge from vertex 16 to 5, there is an unsaturated
up shadow vertex 6; go to lines 5-10 to draw a down oblique edge from 6 to 25.
Now Sy is empty, and the trial decomposition is stopped. See Figure 3 from the
trial graph Gg. The number by the side of the edge is the order by which that
edge is drawn. By = {25,22},31=25+6,30=22+8. The integers 25 and 22 are
still too big (> 20). Therefore, in the next run of trial decomposition, we need to
decompose the set A; =AU By.

6 -5 4 -3 2 -1 0 1 2 3 4 5 6 7 8 9 10 11 12

6 123 /1
. Gy= 8
7 2
31 30 29 28 27 26 25 24 23 22 21 20 19 18 17 16 15 14 13
Fig. 8

(1) Do the trial decomposition of A1 = AUBg on the decomposition model V to
obtain the trial graph Gy as in Figure 4. Now the set of terms is 51 =SpU{-3,0}.
By ={27,23}.
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6 5 4 3 2 -1 0 1 2 3 4 5 6 7 8 9% 10 11 12

G=
31 30 29 28 27 26 25 24 23 22 21 20 19 18 17 16 15 14 13
Fig. 4
6 5 <4 3 -2 -1 0 1 2 3 4 5 6 7 8§ 9 10 11 12
Gy

31 30 29 28 27 26 25 24 23 22 21 20 19 18 17 16 15 14 13
Fig. 5

Continuing to do the trial decomposition, we have By = {27,24,21}, Bs =
(27,2521}, By = {27,25,22}, Bs = {28,25,22}, Bg = {28,26,22}, By =
{28,26,22,21}, By ={28,26,22,21}. The last trial graph is Figure 5.

Therefore, 21 = [1,20], 22 = [5,17], 22 = [6,16], 26 = [12,14], 29 =[8,21], 29 =
[7,22], 30=[4,26], 31=]3,28]; and 21=[2,19], 22=[9,13], 26=[11,15], 28=[10, 18).
And we have the final solution after running the final decomposition as follows:
21 =[1,20], 22=[5,17], 22 =[6,16], 26 = [12,14], 29 =8,2,19], 20 =7,9,13], 30 =

[4,11,15], 31=[3,10,18].

5. The proof

Recall that a number in S¢y(Se— and Sy respectively) is called a positive
(negative and zero, respectively) term of the trial graph Gy. In the trial graph
Gy, there is a down oblique (up oblique and perpendicular, respectively) edge
et(s) corresponding to each positive (negative and zero, respectively) term. Some
properties are provided for the trial graph G; in the following in order to prove
the correctness of our algorithm. There are both directed and undirected edges in
G¢. But the direction of edges are ignored for the underlying graph of G¢. The
following Lemma 5.1 is an obvious observation.

Lemma 5.1. The edge set of the underlying graph of the trial graph is an edge
independent set. |

The algorithm of the trial decomposition works on a set of numbers AU B, or
equivalently on a set S= {s:s=a—N—1 for a € AUB}, to obtain a trial graph
G. Once the set AUB or S is fixed, the trial graph G is completely determined. In
the proof of following lemmas we should always bear the following facts in mind.
We always draw the edges with zero terms first. Among edges with positive terms,
those with smaller terms were drawn first. Among edges with negative terms, those
with greater terms (i.e., it’s absolute value is smaller) were drawn first.
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Lemma 5.2. Let the two trial graphs G; and G}, have the same positive terms. Let
G}, have one negative or zero term more than G;. Then for any positive terms s,
the down oblique edge e;,(s) of Gy, is either at the same location as or to the left of
the corresponding down oblique edge e;(s) of G;. (Note: We use the notation e;(s)
to mean that this edge is in the trial graph G;. When we compare the location of
two edges in two different trial graphs, we compare them in the same decomposition
model.)

Proof. Assume that G; have negative and zero terms as follows
smgsm_lg...gsjg...gslgo.

Assume that G}, has one term ¢ more than G;(c<0). Without loss of generality,
let s;41 <c<s;. Then the negative and zero terms in G}, in the order from the
smallest to the greatest are

um+1§um§...§uj+2§uj+1§ujg...gul.

where U1 = 81,...,Uj = 8;,Uj41 = CUj 12 = 8j115---Um = Sm—~1, Um+1 = Sm. Since
G; and Gy, have the same positive terms, same negative and zero terms which are
greater than or equal to s; =u;, then the starting vertex of the up oblique edge
of 5;41 in G; must be the same as the starting vertex of the up oblique edge of
u;j41=c in G}, by the algorithm. Hence the ending vertex (denoted by ev(u;11))
of the up oblique edge of c=u; {1 is at the right side of the ending vertex ev(s;1)
of the up oblique edge of s;,1 since s;,1 <c<0. Therefore, the down oblique edge
starting at ev(u;41) and at the left s1de of ev(ujy1) in G; will either move to the
left by one vertex or unmoved in Gp, |

Lemma 5.3. Let Gy have one negative term ¢ more than G;, and G}, one negative
or zero term ¢+ 1 more than G;. Then for any positive term s, the corresponding
down oblique edge e (s) of Gy, is either at the same location as or to the left of the
corresponding down oblique edge e (s) of G.

Proof. Assume that G; have negative and zero terms as follows

Sm < S$m—1< ... <841 <5; <. <51 <0,
Assume that

8j+1 §C<C+1§Sj.

Since Gy and Gj, have the same positive terms, and the same negative and zero
terms which are greater than or equal to s;, the starting vertex of the up oblique
edge of ¢ in Gy must be the same as the starting vertex of the up oblique edge of
¢+1 (or perpendicular edge if c+1=0) in G},. Hence the ending vertex ev(c+1)
of the up oblique edge of c+1 in Gy, is at the right side of the ending vertex ev(c)
of the up oblique edge of ¢ in G ;. Therefore, the down oblique edge starting at

ev(c+ 1) in G will move left by one vertex in G. Other down oblique edge in G¢
remain unchanged in Gj,. 1

Lemma 5.4. Let (G, have one positive term ¢ more than G;. Then for any positive
term s except c, the corresponding down oblique edge ey, (s) of Gy, is either at the
same location as or to the left of the corresponding down oblique edge e;(s) of G;. i

We omit the proof since it is similar to and simpler than the above proofs.
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Lemma 5.5. Let Gy have one positive or zero term d more than G, and Gp, one
positive term d+1 more than G;. Then the ending vertex of the p-th down oblique
edge of GGy, is either at the same location as or to the left of the ending vertex of
the p-th down oblique edge of G .

Note. The down oblique edges can be ordered from either side in this lemma. But
in the following definition of set function f generated by the trial decomposition we
use the order from the left: The first down oblique edge is the one with the largest
term.

Proof. Assume that GG; have positive and zero terms as follows

Sm 2 Sm—12 ... 28j41 >8> ...28 >0

and assume that
Sj+12d—i—1>d2$j.

The presentation in the following disregard the case d=0. It is reasonable to omit
it since there is only very minor differences in wording for the case d=0. Since G ¢
and G}, have the same negative and zero terms, and the same positive terms which
are smaller than or equal to sj,ef(s) and ep,(s) must have the same location for s=
51,82,...,8j—1 and s; and the starting vertex of the down oblique edge of d+1 in
Gp, must be the same as the starting vertex of the down oblique edge of d in G;.
Hence the ending vertex ev(d+1) of the down oblique edge of d+1 in G}, moves
left by one vertex to the ending vertex ev(d) of the down oblique edge of @ in G.
See Figure 6 for the illustration.

u-l u’ u
efs,) efc) ‘/M)

G
v v+l v
u-l u’ u
G,= eh(s‘I/ M)
v+l v+l v
Fag. 6

Assume that the negative term ¢ determine an up oblique edge ep(c) starting
at ev(d) in G},; and determine an up oblique edge es(c) starting at ev(d+1) in Gy.
Then ef(c) is one vertex left to ep(c). Assume that the positive term sq determined
a down oblique edge ef(s,) starting at the ending vertex of ep(c) in Gy. Then the
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down oblique edge e (sq) determined by sq in G, must start at the ending vertex
of ef(c) which is one vertex left to the ending vertex of ey, (c).

The down oblique edge ey (sp) for sq>sp>d+1 has the same position as the
down oblique edge e (sp). The down oblique edge e (sp) for sp > sq is either at the
same location as or to the left of the down oblique edge ef(sp). |

We will use the following definition to both simplify and formalize the state-
ments of Lemma 5.2 through 5.5, and their generalizations. We define an ordering
among sets of integers by A> B or B< A if A={a1,09,...,0;}, B={b1,ba,...,bx},
a1>as>...>2a;, by >bo>.. . >by, [>m, a1 > b1, a2 >b2, ..., 4y > by, Here and in
the following, when we write a set A={a1,a2,...,0;}, we always assume that the
list is in the nonincreasing order, i.e., aj >a9>...>a;. Let T, denote the “cut at
n” map, i.e., Tp(A)={a€A:a>n}. The following lemma is obvious.

Lemma 5.6. (i) AUC > A;
(ii) If A= B and C is any set of integers, then AUC > BUC;
(iii) If A» B, then T, (A) > Tn(B). 1

In the algorithm, for any set of integers A={a1,as,...,a,} where u>k, and
n<a; <M, let G(A) to be the graph obtained by applying the trial decomposition,
f(A) to be the set of end vertices of down oblique edges in G(A). From Lemma 5.2
and 5.4 we can have “f(AU{s})> f(A4)”, and Lemma 5.3 and 5.5 can be directly
translated as “f(AU{s+1}) > f(AU{s})”. For any two sets A and B with A >
B, we can insert a finite chain of sets between B and A such that in each step we
either add a new element or increase the value of one element by one. By repeatedly
applying the above two results we have the following theorem.

Theorem 5.7. If A> B, then f(A)> f(B), and T,,(f(A)) = Tn(f(B)). |

In order to prove Theorem 2.2 we only need to prove the following theorem.

Theorem 5.8. Under the conditions of Theorem 2.2, the algorithm gives a decom-
position of ay,ag,...,a; by 1,2,....n.

Proof. Recall that in each trial decomposition of the algorithm, among edges with
positive terms, those with smaller values were drawn first, hence the numbers of
down shadow vertices of consecutive down oblique edges added to the model are
not decreasing, so are the numbers of up shadow vertices of consecutive up oblique
edges. Therefore, different down oblique edges are neither intersecting each other
nor sharing common end vertices, the same property holds for the up oblique edgés.
It is now obvious that each integer appears in the decomposition at most once.

Denote, by Gg, the trial graph obtained by applying the trial decomposition to
Ag=AUB_1={ay,a9,...,ar}. Denote, by By, the set of ending vertices of down
oblique edge of Go in C={n,n+1,...,M}, i.e., Bo=Tn(f(AUB_1))=Tn(f(4p))-
If Bo=0, then apply the final decomposition.

If By # @, then apply the trial decomposition to A7 = AU By to obtain the
trial graph G1, and the set By =T, (f(AUBg)) =Tn(f(A1)). By Lemma 5.6 and
Theorem 5.7, By > By.
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If B1 = By, then apply the final decomposition; otherwise apply the trial
decomposition to Ao = AU B to obtain the trial graph Go, and the set By =
Tn(f(AUB1))=T,(f(A2)). By Lemma 5.6 and Theorem 5.7, By > Bj.

Similarly we obtain a series of sets

B()-<B1-<BQ<...-<BZ'<BH_1<.,.
We shall now prove by contradiction that |B;|<r for i=0,1,2,....
Assume that By_1 = {b1,ba,...,b0y}, u <7, By =Ty(f(A4s)) ={c1, c2, .-, Cu,
Cutls ---5 Cu}, and that v>r, where Ay=AUB;_;.
Let B;={c1,c2,...,Cu,Cut1---,¢r}. We apply the trial decomposition to AUB;
to obtain the trial graph G, and the set

Tn(f(AUBé)) = {dl,dz,...,du,...,dT,dT+1> ~--7dvl}

Then v1 > v and d; > ¢; for 1 <3<r. The reasons of v; > v are from Lemma 5.6,
Theorem 5.7 and the fact that {c1,...,¢y,...,cp = {b1,..., by}

During the construction of the trial graph G, a vertex of {K +1,...,n,...,M}
is saturated after decomposing a number in AU{cy,co,...,¢r}. Since the number of
down oblique edges whose ending vertices belong to C' in G is v1 > v >, the number
of up and down oblique edges who start and end in {K+1,K+2,...,n} in G is <
k+r—wvy <k, i.e., there are at least n—K—(k-+r—v1)=v1—r>0 (because n=K+k)
unsaturated down oblique shadow vertices in {K+1,K+2,...,n}. Therefore, there
are no up oblique edge which starts in C' by our algorithm. It turns out that the
number of up and down oblique edges who start and end in {K+1,K+2,...,n}in
G is exactly k+7r—wv1, i.e., there are exactly n— K —(k+r—v1) =v; —r unsaturated
down oblique shadow vertices in { K+1,K+2,...,n}. Therefore, the starting vertex
of the most left up oblique edge e, say e=€e(ay,—N—1), is smaller than n. Since the
corresponding number a,, is greater than n, then the ending vertex of e is greater
than 1. Hence all the ending vertices of up oblique edges belong to {1,2,...,K}. All
the starting vertices of down oblique edges belong to {1,2,..., K} since the number
of all edges is k+7=K. Therefore, every number in {1,2,..., K} is saturated.

We now define a set-valued function h from the set AUC to the set {1,2,...,M}.
(Recall that members in AU C are not necessarily distinct in value). If a
number a € AU {c1,¢2,...,Cy,...,Cr}, then a is decomposed into two numbers
ol and o? € {1,2,...,M}, a = a> +a?, and we set h(a) = {al,a®}. If a €
{n+1,...,MN\{e1,...,cr JH{d1,...,dy; }), then set h{a)=a. Let h(d;)=c; for 1<i<
r and d; €{dy,...,dr \({c1,-...,cr} N{d1,...,dr}). Then d; >h(d;) for 1<i<r and
d;e{dy,...,d-\({c1,-..,¢cr }N{d1,...,dr}). For any number a € {dr4.1,...,dy, }, We
set h(a) to be an unsaturated vertex in {K +1,...,n}. There is a one to one corre-
spondence between {d,41,...,dy, } and all the unsaturated vertices in {K+1,...,n}
since there are exactly vy —7 unsaturated vertices in {K+1,...,n}. Therefore, d; >
n>h(d;) for r+1<i<wy.

Obviously if a runs over AUC once, then h(a) runs over {1,2,...,M} once.
a=al+a? if h(a)={a',a®}. a>h(a) for other cases among which there are v; —r
strict inequalities. Therefore,

M

k
Zai+ Z i>142+4...+M
i=1 j=nt1
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k
contradicting to the fact that > a;=1+42+.. 4n. Therefore, | B;| cannot be greater
=1
than r for i=0,1,2,....

Since |AUB;| <k+r=K, The starting vertex of the edge which represents the
decomposition of a number in AU B; is not smaller than 1, hence the ending vertex
of that edge is not greater than ay—1< M. Since B;(:=0,1,2,...) is nondecreasing,
there exists a number ¢ such that By = B 1. That is, the trial decomposition of
the algorithm will eventually terminate in finite steps.

For any number a € A,a = a! 4+ a? if the two end vertices of the edge e =
e(a— N —1) is a' and a? in the trial graph G;. If both a' and a? are not greater
than n, then we are done. If one of a! and a2, is greater than n, then a2 €Bi1=
B;. a® was decomposed again in the trial graph Gy, say a2 =a3+a*. If both a® and
a* are not greater than n, then we are done: a=a'+a3+a?. If one of a® and a?,
is greater than n, then ate Biy1=D05s. a* was decomposed again in the trial graph
Gy, say a*=a®+a8. If both a® and a® are not greater than n, then we are done:
a=al+a3+a’+ab. Otherwise we continue our decomposition until each number
is not greater than n. We can apply the above decomposition to each member of
A, and write each integer a; as sums of positive integers <n. We use any positive
integer <n at most once since no two edges share the common vertices in the trial
graph. As aj+ag+...+ar=1+2+4...+n we have to use all integers from 1 to n
exactly once. Therefore, A is decomposed by 1,2,...,mn. 1

Note that every integer a; is decomposed by at most r+2 =n—2k+2 summands
since |Bt| <, and in the worst case a; is decomposed by at most r times.
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